A photonic process named as quantum state joining has been recently experimentally demonstrated [C. Vitelli et al., Nature Photon. 7, 521 (2013)] that corresponds to the transfer of the internal two-dimensional quantum states of two input photons, i.e., two photonic qubits, into the four-dimensional quantum state of a single photon, i.e., a photonic ququart. A scheme for the inverse process, namely quantum state splitting, has also been theoretically proposed. Both processes can be iterated in a cascaded layout, to obtain the joining and/or splitting of more than two qubits, thus leading to a general scheme for varying the number of photons in the system while preserving its total quantum state, or quantum information content. Here, we revisit these processes from a theoretical point of view. After casting the theory of the joining and splitting processes in the more general photon occupation number notation, we introduce some modified schemes that are in principle unitary (not considering the implementation of the CNOT gates) and do not require projection and feed-forward steps. This can be particularly important in the quantum state splitting case, to obtain a scheme that does not rely on postselection. Moreover, we formally prove that the quantum joining of two photon states with linear optics requires the use of at least one ancilla photon. This is somewhat unexpected, given that the demonstrated joining scheme involves the sequential application of two CNOT quantum gates, for which a linear optical scheme with just two photons and postselection is known to exist. Finally we explore the relationship between the joining scheme and the generation of clusters of multi-particle entangled states involving more than one qubit per particle.
I. INTRODUCTION
The emerging technology of quantum information promises a great enhancement of the computational power at our disposal, as well as the perfectly secure transmission of information [1] [2] [3] . To turn this vision into a reality, one of the greatest challenges today is to substantially increase the amount of information -the number of qubits -that can be processed simultaneously. In photonic approaches [4] [5] [6] , the number of qubits can be raised by increasing the number of photons. This is a fully scalable method, in principle, but in practice it is limited to 6-8 qubits by the present technology [7] . An alternative approach is that of using an enlarged quantum dimensionality within the same photon, for example by combining different degrees of freedom, such as polarization, time-bin, wavelength, propagation paths, or transverse modes such as orbital angular momentum [8] [9] [10] [11] [12] [13] [14] [15] . Although not scalable, the latter approach may allow for a substantial increase in the number of qubits [16] [17] [18] [19] . Ideally, one would therefore like to combine these two methods and be able to dynamically switch from one to the other, depending on the specific needs, even during the computational process itself.
To this purpose, a quantum process, called "quantum state joining", in which two arbitrary qubits initially en- * lorenzo.marrucci@unina.it coded in separate input photons are combined into a single output photon, within a four-dimensional quantum space, has been recently introduced and experimentally demonstrated [20] . The inverse process was also proposed, in which the four-dimensional quantum information carried in a single input photon is split into two output photons, each carrying a qubit [20] . Both processes are in principle iterable [20] , and hence may be used to realize an interface for converting a multi-photon encoding of quantum information into a single-photon higherdimensional one and vice versa, thus enabling a full integration of the two encoding methods. These processes can be used to multiplex and demultiplex the quantum information in photons, for example with the purpose of using a smaller number of photons in lossy transmission channels. The idea of multiplexing/demultiplexing the quantum information in photons was for example proposed in [21] , but a complete implementation scheme had not been developed (in particular, the proposal reported in Ref. [21] relies on the existence of a hypothetical CNOT gate in polarization encoding between photons which is independent of the spatial mode of the photons, but the proposal does not include a discussion on how to realize this gate in practice) and had not been experimentally demonstrated. In addition, the quantum joining and splitting processes might also find application in the interfacing of multiple photonic qubits with a matterbased quantum register [22] , another crucial element of future quantum information networks [23] . For example, interfacing with multilevel quantum registers [24] may be facilitated by the quantum joining/splitting schemes.
Let us first recall the main definitions of the quantum state joining and splitting processes. To make the language simpler and closer to the experimental demonstration reported in Ref. [20] , we will initially refer to the polarization encoding of the qubits, although there is no general requirement on the choice of encoding at input and output. Let us then assume that two incoming photons, labeled 1 and 2, carry two polarization-encoded qubits, namely
where |H and |V denote the states of horizontal and vertical linear polarization, corresponding to the logical 0 and 1, respectively. The two photons together form a (separable) quantum system, whose overall quantum state is given by the tensor product
The physical process of "quantum state joining" corresponds to transforming this two-photon system into a single-photon one, i.e., in an outcoming photon 3 having the following quantum state:
where |n with n = 0, 1, 2, 3 are four arbitrary singlephoton orthogonal states, defining a four-dimensional logical basis of a ququart. Of course we cannot use only the two-dimensional polarization encoding for the outgoing photon. One possibility is to use four independent spatial modes. Another option, adopted in Ref. [20] , is to use two spatial modes combined with the two polarizations. In the latter case, in the words of Neergaard-Nielsen [25] , "the information is transferred from a Hilbert space of size 2 (photons) × 2 (polarizations) to a Hilbert space of size 1 (photon) × 2 (polarizations) × 2 (paths)". More generally, the joining process should work even for entangled qubits, both internally entangled (i.e., the two photons are entangled with each other) and externally entangled (the two photons are entangled with other particles outside the system). In the first case, the four coefficients obtained in the tensor product αγ, αδ, βγ, βδ are replaced with four arbitrary coefficients α 0 , α 1 , α 2 , α 3 . In the second case, the four coefficients are replaced with four kets representing different quantum states of the external entangled system. Quantum splitting is defined as the inverse process, transforming an input photon 3 in the two photons 1 and 2.
The basic difficulty with implementing these state joining/splitting processes is that a form of interaction between photons is needed. But photons do not interact in vacuum and exhibit exceedingly weak interactions in ordinary nonlinear media. A way to introduce an effective interaction, known as the Knill-Laflamme-Milburn (KLM) method [26] , is based on exploiting two-photon interferences and a subsequent "wavefunction collapse" occurring on measurement. This idea allowed for example the first experimental demonstrations of controlled-NOT (CNOT) quantum logical gates among qubits carried by different photons [27] [28] [29] [30] , and is now at the basis of the quantum joining process we are considering here.
To get the main idea of the quantum joining implementation, consider again the two input photons given in Eq. (1) . A single CNOT gate using one photon qubit as "target" and the other as "control" may be used to transfer a qubit from a photon to another, if the receiving photon initially carried a zeroed qubit. In order to obtain the state joining, we might then try for example to transfer the qubit φ from photon 2 to photon 1, while preserving the other qubit ψ by storing it into a different degree of freedom of photon 1 (for example spatial modes). However, the interference processes utilized in the KLM CNOT require the two photons to be indistinguishable in everything, except for the qubit φ involved in the transfer. So, they are disrupted by the presence of the second qubit ψ carried by the target photon, even if stored in different degrees of freedom.
To get around this obstacle, Vitelli et al. in Ref. [20] proposed a scheme that is based on the following three main subsequent steps: (i) "unfold" the target qubit ψ (carried by input photon 1) initially travelling in mode t, by turning it into the superposition α|H t1 + β|H t2 of two zeroed polarization qubits, travelling in separate optical modes t 1 and t 2 ; (ii) duplicate the control qubit φ (carried by input photon 2) travelling in mode c on an ancillary photon travelling in mode a, thus creating the entangled state γ|H c |H a + δ|V c |V a ; (iii) execute two KLM-like CNOT operations (of the Pittman kind [28, 31] ), one with modes c and t 1 , the other with modes a and t 2 . In this way, each CNOT operates with a target photon that carries a zeroed qubit and no additional information, but the target photon is always interacting with either the control qubit or its entangled copy.
To complete the process, the photons travelling in modes c and a must be finally measured. For certain outcomes of this measurement, occurring with probability 1/32, the outgoing target photon is then collapsed in the final "joined" state |ψ ⊗ φ = αγ|H t1 + αδ|V t1 + βγ|H t2 + βδ|V t2 , which contains all the quantum information of the two input photons. The success probability can be raised to 1/8 by exploiting a feed-forward scheme and using other measurement outcomes. This probabilistic feature of the setup is common to all KLM-based implementations of CNOT gates (although, in principle, the success probability could be raised arbitrarily close to 100% by using a large number of ancilla photons).
This paper is structured as follows. In Section II, the joining/splitting schemes are revisited by adopting the more general photon occupation-number formalism and some variants of the original schemes are introduced which do not need a projection and feed-forward mechanism to work (not considering the CNOT implementa-tion), although at the price of using a doubled number of CNOT gates. In Section III, we then develop a formal proof of the fact that the quantum joining is impossible for an arbitrary linear optical scheme involving only two photons and a final post-selection step. Hence, at least one ancilla photon is needed (or the presence of optical nonlinearity). In Section IV, we analyze the relationship between the joining process of two photonic qubits and a particular class of three-photon entangled states, in which two photons are separately entangled with a common "intermediate" photon. We show that the quantum joining process can be used to create such cluster states and that, conversely, having at one's disposal one of these states, the quantum joining of two other photons can be immediately achieved by a teleportation scheme. We also note that these three-photon entangled states are of the same kind as the "linked" multiphoton states first introduced by Yoran and Reznik to perform deterministic quantum computation with linear optics [32] . Finally, in Section V, we draw some concluding remarks.
II. JOINING AND SPLITTING SCHEMES IN A PHOTON-NUMBER NOTATION
In this Section, we revisit the joining/splitting schemes introduced in Ref. [20] adopting the more general photonnumber notation, as opposed to the polarization-ket notation used in the Introduction and in [20] . In particular, photonic qubits will be represented as pairs of modes, with one photon that can occupy either one, as in the "dual-rail" qubit encoding. Of course, the two modes can also correspond to two orthogonal polarizations of a single spatial mode, thus reproducing the polarizationencoding case.
Given two modes forming a qubit, the |10 ket, where the 0s and 1s refer here to the photon numbers, corresponds to having a photon in the first mode, encoding the logical 0 of the qubit. The |01 ket will then represent the photon in the second path, encoding the logical 1 of the qubit. For our schemes, we will however also need the |00 ket, representing a vacuum state, i.e. the "empty" qubit.
Let us first consider the joining process, schematically illustrated in Fig. 1a . Labelling as c (for control) and t (for target) the travelling modes of the two input photons, the input state is taken to be the following:
which may represent both separable and non-separable two-photon states.
The qubit "unfolding" step corresponds to adding two empty modes for photon t and rearranging the four modes so as to obtain the following state:
where in the second expression we have split the four t modes, so as to treat the first two as one qubit (t 1 ) and the final two as a second qubit (t 2 ). Notice that both of them are initialized to logical zero, but with the possibility for each of them to be actually empty. Each of these qubits must now be subject to a CNOT gate, using the same c qubit as control. The action of the CNOT gate in the photon-number notation is described by the following equations:
However, in the present implementation of the quantum fusion we need to have the CNOT act also on "empty target qubits", that is vacuum states. For these we assume the following behavior:
where η is a possible complex amplitude rescaling relative to the non-vacuum case. A unitary CNOT must have |η| = 1, but probabilistic implementations do not have this requirement. The quantum joining scheme works if the two CNOTs have the same η. In particular the CNOTs implementation proposed by Pittman et al. and used in [20] have η = 1, so for brevity we will remove η in the following expressions. Let us then consider the action of these two CNOT gates to the unfolded state given in Eq. (5):
If now we project the c photon state on |+ = (|10 + |01 )/ √ 2, so as to erase the c qubit, and reunite the t 1 and t 2 kets, we obtain |Ψ t = α 0 |1000 t +α 1 |0100 t +α 2 |0010 t +α 3 |0001 t , (9) which is the desired joined state. Since the c qubit measurement has a probability of 50% of obtaining |+ , without feed-forward the described method has a success probability of 50% not considering the CNOT success probability.
If the outcome of the c measurement is |− = (|10 − |01 )/ √ 2, we obtain the following target state: . |Ψ i is the input state and |Ψ t the final (target) state. (a) Scheme for quantum joining based on a double CNOT gate and final projection. Feed-forward is needed to obtain deterministic behavior (not considering the CNOT contribution). (b) Alternative scheme for deteministic quantum joining, using four CNOT gates, with the second two gates having inverted control and target ports. This leads to a deterministic behavior without projection and feed-forward (not considering the CNOT success probability). (c) Scheme for quantum splitting, with double CNOT gate and final projection. This scheme is probabilistic (with a 50% success probability, not considering the CNOT gates contribution) and could be made deterministic only by combining quantum non-demolition measurements and feed-forward. (d) Alternative scheme for deterministic quantum splitting by using four CNOT gates (not considering the CNOT success probability).
This state can be transformed back into |Ψ t , as given in Eq. (9), by a suitable unitary transformaton. Therefore, the success probability of the joining scheme can be raised to 100% (again not considering CNOTs success probabilities) by a simple feed-forward mechanism.
Alternative to this feed-forward scheme, one might recover a deterministic behavior for the joining step (not considering the CNOT) by avoiding the c-photon projection and applying two additional CNOT gates in which control and target qubits have swapped roles, so as to "disentangle" the c and t photons. This alternative is illustrated in Fig. 1b . In other words, after the first two CNOTs, we must apply a third CNOT with t 1 used as control and c as target and a fourth CNOT with t 2 as control and c as target. This time, for a proper working of the scheme, we must consider the possibility that the control port of the CNOT is empty. As for the previous case of empty target qubit, the CNOT outcome in this case is taken to be simply identical to the input except for a possible amplitude rescaling, i.e.
which is what occurs indeed in most CNOT implementations. Moreover, we again assume η = 1 in the following, for simplicity. Let us then take the state given in Eq. (8) and apply the two "reversed" CNOT gates, denoted as r-CNOT:
where |Ψ t is given in Eq. (9) . After this step, one can just discard photon c and photon t will continue to hold the entire initial quantum information. We notice that this second implementation method does not require the feed-forward, which is an advantage in terms of resources, but it needs four CNOTs instead of two. Since CNOT implementations based on linear optics are actually probabilistic, the final success probability will be significantly smaller than the first method without feed-forward, so this scheme is not convenient at the present stage.
Let us now move on to the quantum state splitting process, illustrated in Fig. 1c . We assume to have an input photon encoding two qubits (i.e., a ququart) in the four-path state
We label this input photon as c (for control). We also label the first two modes as c 1 and the last two modes as c 2 . We then take another photon, labeled as t (for target), that is initialized in the logical zero state of two other modes, so that the initial two-photon state is the following:
We now apply the two CNOT gates in sequence, using the t photon as target qubit in both cases and the c 1 and c 2 modes of the c photon as control qubit in the first and second CNOT, respectively. In order to do these operations properly, we need to define the CNOT operation also for the case when the control qubit is empty, as already discussed above. Hence, we obtain
Now we need to erase part of the information contained in the control photon. This is accomplished by projecting onto |+ ci = (|10 ci + |01 ci )/ √ 2 combinations of the first and second pairs of modes, while keeping unaffected their relative amplitudes. In other words, we must apply an Hadamard transformation on each pair of modes, and take as successful outcome only the logical-zero output (corresponding to the |+ combination of the inputs). The projection is actually performed by checking that no photon comes out of the |− (i.e., logical one) output ports of the Hadamard. The two surviving output modes are then combined into a single output c-photon qubit, which together with the t-photon qubit form the desired split-qubit output. Indeed, we obtain the following projected output:
which describes the same two-qubit state as the input, but encoded in two photons instead of one. The proposed scheme for splitting has a 50% probability of success, not considering the CNOT contribution. It might be again possible to bring the probability to 100% (not considering CNOTs) by detecting the actual c-photon output mode pair after the Hadamard gates by a quantum non-demolition approach or in post-selection, and then applying an appropriate unitary transformation to the t photon. Also in this case, we can replace the projection and feed-forward scheme by the action of a third and fourth CNOT gates in which the target and control roles are reversed, that is, using the t photon as control and c 1 and c 2 as targets of the third and fourth CNOT gates, respectively. This is shown in Fig. 1d . After the four CNOTs, one obtains the following state:
where in the second equality we have regrouped the four c modes. Then, an inverse unfolding step, that is simply discarding the second and fourth mode of the c photon, which are always empty, will lead to final state |Ψ f given in Eq. (14) with 100% probability. In this splitting case, the advantage of using this alternative scheme is more marked, as it is the only possibility to avoid postselection or quantum nondemolition steps. The CNOT gates utilized in the joining and splitting processes described in this Section can be implemented using different methods. In particular, since the photons being processed in each CNOT stage have no additional information, linear-optics KLM-like schemes based on two-photon interference can be used. It is for this reason that our schemes require the unfolding step and a double CNOT, rather than using a single CNOT for transferring the qubit from one photon to the other (if nonlinearoptical CNOT gates will ever be realized, they might possibly allow for a CNOT operation to be performed while another degree of freedom is present and remains unaffected, thus making the joining/splitting schemes much simpler). The only requirement for these CNOT gates is that they must be applicable also to the case when one of the input qubits is empty, i.e., there is a vacuum state at one input port. We shall see in the next Section, that this is a nontrivial requirement.
III. UNFEASIBILITY OF THE QUANTUM JOINING WITH TWO PHOTONS AND POST-SELECTION
There exist different linear-optical based implementations of CNOT gates. The simplest are those based on post-selection and not requiring ancillary photons, such as the scheme first proposed by Ralph et al. [33] and Hofmann and Takeuchi [34] and later experimentally demonstrated by O'Brien et al. [27] . Although such CNOT gates are based on post-selection and hence require destroying the output photons, there exist also schemes for applying several CNOT gates in sequence, with only one final post-selection step [35] . These schemes require only the two photons to be combined and a final post-selection step based on photon detection. Given the CNOT-based general scheme for quantum joining described in the previous Section, it is then natural to try an implementation exploiting these schemes.
More generally, one might ask whether a proper mixing of the two photon modes in a suitable linear-optical setup, followed by a filtering step on one of the two photons might suffice to obtain the joining onto the remaining photon. In this Section we prove that this is not possible. No possible unitary evolution of the two photons as resulting from propagation through an arbitrary linear optical system, followed by an arbitrary projection for one of the two photons can lead to the quantum joining. This in turn shows that the joining scheme cannot be based on the CNOT gates of Ralph's kind and requires at least one ancilla photon. With one ancilla photon, it is possible to implement for example the CNOT gates proposed by Pittman [31] and thus successfully obtain the quantum joining of two photon states, as demonstrated in Ref. [20] . Of course the demonstrated implementation is probabilistic, because the CNOT gates are implemented in a probabilistic way.
The statement we prove is the following:
It is impossible to transfer all the quantum information encoded in two input photons into one output photon using linear optics and post-selection, without including ancillary photons in the process.
Proof. The two-photon input state can be written in full generality as follows:
where the four coefficients α 0 , α 1 , α 2 , α 3 define the input quantum information,â + i denote the creation operators for an arbitrary orthonormal set of input modes |ψ i , and |∅ denotes the global vacuum state. The mode-indices i here can be taken to include also the polarization degree of freedom, and we have selected four arbitrary modes 1-4 to encode the input information, with modes 1-2 used for one qubit and modes 3-4 for the other (possibly entangled with each other).
The propagation through an arbitrary linear-optical system can be described by the following transformation of the creation operators:
where u ij are the coefficients of a unitary matrix describing the propagation and the operatorsb + j create the propagated (output) modes |χ j . Applying this transformation to the input state Eq. (16) we obtain the following propagated two-photon state (here we are using the Schroedinger representation, in which the evolution acts on the state): 
Thus, we obtain the following projected one-photon state
Hence, owing to the bosonic nature of the photons, the final state results to be a linear combination of the following four "symmetrized" optical modes
The input quantum information will be preserved if and only if the four modes |u i form a linearly independent set. This in turn will depend on the determinant of the following matrix M of coefficients, expressing the linear dependence of the four |u i modes on the propagated modes |χ i :
A simple calculation shows that the determinant of this matrix is identically nil, thus proving the statement. If the optical system includes losses from media absorption, these can be included in the treatment as additional nonoptical excitation modes in which the input optical modes can be transformed in the course of propagation. In other words, Eq. (17) will include also the creation operators of material excitations, although the latter will not contribute to the |u i and |φ modes. Thus the proof remains valid even in lossy optical systems.
As a consequence of our proof, we can state that in general the mixing of two photons in a linear optical scheme followed by a final postselection step can only lead to a loss of some information, e.g., ending up with a qutrit instead of a ququart. Alternatively, one may somehow preserve the initial information conditioned on the fact that there is "less information to start with", because the input two-photon state is properly constrained, for example, to a separable state [36, 37] .
Beside this mathematical proof, one might be interested in seeking a more physical explanation for why the joining scheme using two CNOT in series following the concept of Ref. [35] fails. To this purpose, we carried out a detailed analysis, of which we report here only the main conclusions. The problem is that the scheme given in Ref. [35] is conceived for executing multiple CNOT in series, with the assumption that each control or target port of all the gates is occupied by a photon carrying the corresponding qubit. In the case of quantum joining, instead, the target ports may see the presence of "empty" qubits (or vacuum states), which open up new possible photonic evolution channels in the setup that are not excluded in the final post-selection step and which are instead absent in the standard case. These channels alter the final probabilities and disrupt the CNOT proper workings.
IV. THREE-PHOTON ENTANGLED STATES
In this Section, we explore the relationship between the joining process of two photonic qubits and a particular class of three-photon entangled states (TPES), in which two photons are separately entangled with a common "intermediate" photon. This intermediate doublyentangled photon must clearly hold two separate qubits, as defined by exploiting four orthogonal optical modes. A schematic diagram of this particular form of entangled cluster is given in Fig. 2 .
An example of such three-photon entangled states can be defined as follows:
where photon 1 is the intermediate photon, entangled with photons 2 and 3, and we introduced |u and |d , to refer to the "up" and "down" paths of a dual-rail qubit encoding. It is understood that the three photons are identified by a further label associated with propagation modes. Other possible pair-wise maximally-entangled TPES are obtained from (23) by exchanging H and V and/or u and d in photon 1, or by changing the − sign into a + in one or both the factors, for a total of 16 possible independent combinations. These can be also written more compactly in terms of the Bell basis of maximally entangled qubit pairs, defined as follows
Using this notation, Eq. (23) can be for example rewritten as |ψ 123 = |Φ Here and in the following discussion, for the sake of definiteness, we have adopted a notation referring to the specific case in which the double entanglement exploits two separate degrees of freedom, that is the polarization and a pair of spatial modes. We stress, however, that there is no actual requirement of using this specific choice of degrees of freedom for the validity of our analysis. There is even no need of using two separate degrees of freedom, as all qubit entanglements could for example also be encoded using a set of four spatial modes, e.g., four parallel paths, or four eigenmodes of the orbital angular momentum of light.
The state (23) , or anyone of the other TPES, can be used as a resource for carrying out a two-in-one qubit teleportation of the quantum state, i.e., the teleportation of the four-dimensional quantum state initially encoded in two input photons in a single output photon. Actually, the problem of preparing three-photon entangled states such as (23) is essentially equivalent to that of realizing the quantum joining. Indeed, quantum state joining can be used to prepare the three-photon entangled state (23) and, conversely, state (23) can be used to carry out the quantum state joining of two photonic qubits via teleportation. Let us see this in more detail.
To obtain the three-photon state (23) , or anyone of the other TPES, one must simply apply the quantum state joining protocol to two photons each taken from a separate entangled pair. In particular, one pair (say, photons 2 and 4) must be entangled in polarization and the other (photons 3 and 5) in the spatial degree of freedom defined by modes |u and |d . Then photons 4 and 5 are state-joined into photon 1, so that their polarization and spatial modes properties are both transferred into this single photon. This leads immediately to state (23) .
Conversely, let us assume that we have initially three photons (labeled 1, 2, 3) in state (23) and that the qubits we want to join are encoded in two other photons (labeled 4 and 5), as described by the states
Recasting the overall 5-photon initial state |ψ 12345 = |ψ 123 |ψ 4 |ψ 5 in terms of the basis (24) (27) Then, to obtain the state-joining one needs to perform a Bell measurement in polarization on the photons 2 and 4 and another Bell measurement in the modes u and d on the photons 3 and 5. Whatever the outcome of the two Bell measurements, one may carry out an appropriate unitary transformation in order to cast photon 1 in the desired "joined" state
The unitary transformation must be selected according to the result of the two Bell measurements, out of 16 possible results (and if a different TPES state is used in the process, it affects only the set of unitary transformations to be used).
It is interesting to note that, if a method for deterministic complete Bell state measurement is available, the quantum state joining obtained by this teleportation method can be also accomplished in a deterministic way. Indeed, one needs to prepare in advance a TPES using the probabilistic joining protocol by making as many attempts as needed. Then, one can complete the joining of the input photons deterministically by using the above described teleportation protocol.
Following the same ideas, one may use the state joining protocol to create even more complex entanglement clusters of photons, exploiting multiple degrees of freedom per photon. In particular, we notice that the TPES introduced above belong to the family of "linked" states first proposed by Yoran and Reznik in order to perform deterministic quantum computation with linear optics [32] . Not surprisingly, the optical scheme proposed in Ref. [32] to create such linked states is also very similar to that used for quantum-state joining (but it did not include explicitly the KLM gate implementations).
V. CONCLUSION
In summary, we have revisited the quantum-state joining and splitting processes recently introduced in Ref. [20] . After casting the associated formalism in the more general photon-number notation, we have introduced some modified schemes that do not require feed-forward or post-selection. Next, we have provided a formal proof that the quantum joining of two photon states with linear optics cannot be accomplished using only post-selection and requires the use of at least one ancilla photon, despite the existence of linear-optical implementations of CNOT gates which do not require ancillary photons. Finally we have investigated the relationship between the statejoining scheme and the generation of clusters of threephoton entangled states involving more than one qubit per particle.
These schemes for multiplexing the quantum information across photons, despite having a relatively low success probability, may already find application in quantum communication or in interfacing with atomic memories, when high losses are involved. The generation of complex clusters of entangled photons may be of fundamental interest and might open the way to novel quantum protocols. Finally, we notice that if the recent attempts at achieving gigantic nonlinear interactions among photons will succeed [38, 39] 
